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Overview

• Linear mixed-effects model
• from linear models to mixed-effects models

• random effects and variance structure 

• estimation methods: ML vs REML

• Linear mixed-effects model in R
• fitting models using nlme

• model comparison: ML vs REML

• extracting predictions and variance components



Example dragon dataset

Response: crop mass carried per day
predictor: dragon weight
grouping variable: mountain range

The relationship between dragon weight 
and carrying capacity appears to vary 
across mountain ranges.



Linear modelling

Goal: fit a linear model for each mountain range

mountain range 2

mountain range 10

mountain range 1

⋱

Mountain range 1:  

𝑦𝑖1 = 𝛽0,1 + 𝛽1,1𝑥𝑖1 + 𝜀𝑖1, 𝜀𝑖1~𝑁 0, 𝜎1
2

Mountain range 2:
𝑦𝑖2 = 𝛽0,2 + 𝛽1,2𝑥𝑖2 + 𝜀𝑖2, 𝜀𝑖2~𝑁 0, 𝜎2

2

Mountain range 10:

𝑦𝑖10 = 𝛽0,10 + 𝛽1,10𝑥𝑖10 + 𝜀𝑖10, 𝜀𝑖10~𝑁 0, 𝜎10
2

⋮

Dragon data:
• 𝑦𝑖𝑗: carried crop mass 

• 𝑥𝑖𝑗: body weight of the 𝑖th 

dragon from mountain 
range 𝑗



Linear modelling

• Separate models for mountain range 𝑗 

• 𝑦𝑖𝑗 = 𝛽0,𝑗 + 𝛽1,𝑗𝑥𝑖𝑗 + 𝜀𝑖𝑗 .

• Problems: 

• too many parameters (30 in total for 10 mountain ranges)

𝛽0,1, … , 𝛽0,10; 𝛽1,1, … , 𝛽1,10; 𝜎1
2, … , 𝜎10

2

• no information sharing across mountain ranges

mountain ranges 1-10

⋱



Linear mixed-effects model (random intercept)

𝑦𝑖𝑗 = 𝛽0 + 𝑏0,𝑗 + 𝛽1𝑥𝑖𝑗 + 𝜀𝑖𝑗 ,

𝑏0,𝑗~𝑁 0, 𝜎𝑏0
2 , 𝑗 = 1, … , 10

𝜀𝑖𝑗~𝑁 0, 𝜎𝑒
2

• 𝛽0, 𝛽1: fixed effects across all mountain ranges

• 𝜀𝑖𝑗: residual

• 𝑏0,𝑗  : random intercepts for mountain range 𝑗

⋱

Only 4 parameters are estimated: 𝛽0, 𝛽1; 𝜎𝑏0
2 , 𝜎𝑒

2



Linear mixed-effects model (random intercept)
𝑦𝑖𝑗 = 𝛽0 + 𝑏0,𝑗 + 𝛽1𝑥𝑖𝑗 + 𝜀𝑖𝑗 different intercepts

same slope

The random intercepts describe how individual mountain 
ranges deviate from the population-average intercept.

The observed mountain ranges are treated as 
samples from a population of mountain ranges.



Linear mixed-effects model (random intercept and slope)

• 𝑦𝑖𝑗 = 𝛽0 + 𝑏0,𝑗 + 𝛽1 + 𝑏1,𝑗 𝑥𝑖𝑗 + 𝜀𝑖𝑗 ,

• 𝑏0,𝑗~𝑁 0, 𝜎𝑏0
2 , 𝑏1,𝑗~𝑁 0, 𝜎𝑏1

2 , 𝑗 = 1, … , 10

• we assume cov 𝑏0,𝑗 , 𝑏1,𝑗 = 0 here, but it can be assumed to be nonzero

• 𝜀𝑖𝑗~𝑁 0, 𝜎𝑒
2

• 𝑏0,𝑗 , 𝑏1,𝑗: random effects for mountain range 𝑗

Only 5 parameters to be estimated: 𝛽0, 𝛽1; 𝜎𝑏0
2 , 𝜎𝑏1

2 , 𝜎𝑒
2

Different mountain ranges can have different intercepts and slopes.



Linear mixed-effects model (random intercept and slope)
𝑦𝑖𝑗 = 𝛽0 + 𝑏0,𝑗 + 𝛽1 + 𝑏1,𝑗 𝑥𝑖𝑗 + 𝜀𝑖𝑗

different intercepts
different slopes

group ×predictor 
interactions

The observed mountain ranges are treated as 
samples from a population of mountain ranges.



𝑦𝑖𝑗 = 𝛽0 + 𝑏0,𝑗 + 𝛽1 + 𝑏1,𝑗 𝑥𝑖𝑗 + 𝜀𝑖𝑗 can be written as:

𝑦𝑖𝑗 = 𝛽0 + 𝛽1𝑥𝑖𝑗 + 𝑏0,𝑗 + 𝑏1,𝑗𝑥𝑖𝑗 + 𝜀𝑖𝑗

Fixed effects Random effects Mixed-effects modelling

Linear mixed-effects model

• 𝛽0, 𝛽1: fixed effects across all mountain ranges
• 𝑏0,𝑗 , 𝑏1,𝑗: random effects for mountain range 𝑗

• 𝜀𝑖𝑗 : error term 



Random effects assumption
𝑦𝑖𝑗 = 𝛽0 + 𝛽1𝑥𝑖𝑗 + 𝑏0,𝑗 + 𝑏1,𝑗𝑥𝑖𝑗 + 𝜀𝑖𝑗

Assumptions:
𝑏0,𝑗~𝑁 0, 𝜎𝑏0

2 , 𝑏1,𝑗~𝑁 0, 𝜎𝑏1
2 , 𝑗 = 1, … , 10

• Random effects represent variation across mountain ranges.

Covariance structure:
𝑏0,𝑗

𝑏1,𝑗
~𝑁 𝟎, 𝐆 , 𝐆 =

𝜎𝑏0
2 0

0 𝜎𝑏1
2 . 

• Here we assume the random intercepts and slopes are independent.

• More complex covariance structures can also be used. e.g. 
𝜎𝑏0

2 𝜎𝑏01

𝜎𝑏01 𝜎𝑏1
2



𝑦𝑖𝑗 = 𝛽0 + 𝛽1𝑥𝑖𝑗 + 𝑏0,𝑗 + 𝑏1,𝑗𝑥𝑖𝑗 + 𝜀𝑖𝑗  

Assumption: 𝜀𝑖𝑗~𝑁 0, 𝜎𝑒
2 . 

• Error term represent dragon-level variation within mountain ranges.

Across all dragons:

    𝜺 =

𝜀11

⋮
𝜀1𝑛

𝜀21

⋮
𝜀10𝑛

~𝑁 𝟎, 𝐑 , 𝐑 =

𝜎𝑒
2 0 0 0

0 𝜎𝑒
2 0 0

0 0 ⋱ 0
0 0 0 𝜎𝑒

2

• where 𝐑 assumes constant variance and independent error terms. 

• More flexible 𝐑 structures can model, e.g. heteroskedasticity.

Error term assumption



Variance components

With 𝒀 =

𝑦11

⋮
𝑦1𝑛

𝑦21

⋮
𝑦10𝑛

, 𝐗 =

1
⋮
1
1
⋮
1

𝑥11

⋮
𝑥1𝑛

𝑥21

⋮
𝑥10𝑛

, 𝐙 =

1
⋮
1
1
⋮
1

𝑥11

⋮
𝑥1𝑛

𝑥21

⋮
𝑥10𝑛

Var 𝒀 = 𝐙𝐆𝐙𝑇 + 𝐑

𝑦𝑖𝑗 = 𝛽0 + 𝛽1𝑥𝑖𝑗 + 𝑏0,𝑗 + 𝑏1,𝑗𝑥𝑖𝑗 + 𝜀𝑖𝑗, 
𝑏0,𝑗

𝑏1,𝑗
~𝑁 𝟎, 𝐆 , 𝜺~𝑁 𝟎, 𝐑



Var 𝒀 = 𝐙𝐆𝐙𝑇 + 𝐑 

• it is different from that in linear regression

• it makes the estimation more complex

Estimation method: 

• ML (maximum likelihood)

• REML (restricted maximum likelihood)

How does variance affect estimation?



• ML
• estimates fixed effects and variance together

• tends to have biased variance

• REML
• adjusts for estimation of fixed effects

• provides less biased for variance estimates

When to use ML vs REML?

• Use ML when comparing models with 
different fixed effects

• Use REML when comparing models 
with different random effects

• Use REML for final model estimates



Fitting LMM in R (nlme)

Step 0: load package and inspect toy data

install.package(“nlme”)

library(nlme)

# load dragon data

dragon_dat<-
readRDS("dragon_data.rds")

# Look at the first six rows of the dataset
head(dragon_dat)
# Check variables
str(dragon_dat)

Response: crop mass carried per day
predictor: dragon weight
grouping variable: mountain range



Step 1: fit a linear-mixed model

lmm_fit1<-lme(

fixed=carry_mass_day~1+weight,

random=~1+weight|range,

data=dragon_dat,           

method="ML" 

)

summary(lmm_fit1)

𝑦𝑖𝑗 = 𝛽0 + 𝛽1𝑥𝑖𝑗 + 𝑏0,𝑗 + 𝑏1,𝑗𝑥𝑖𝑗 + 𝜀𝑖𝑗  Assumptions:

𝒃𝑗 =
𝑏0,𝑗

𝑏1,𝑗
~𝑁 𝟎, 𝐆 , 𝜺~𝑁 𝟎, 𝐑

here 𝐆 =
𝜎𝑏0

2 𝜎𝑏01

𝜎𝑏01 𝜎𝑏1
2  and 

𝐑 =

𝜎𝑒
2 0 0 0

0 𝜎𝑒
2 0 0

0 0 ⋱ 0
0 0 0 𝜎𝑒

2

.

“REML”



Step 1-1: fit a linear mixed-effects model

list(range=pdDiag(~1+weight))

Diagonal:

list(range=pdCompSymm(~1+weight))

Compound symmetric:
𝐆 =

𝜎𝑏0
2 0

0 𝜎𝑏1
2

𝐆 =
𝜎𝑏

2 𝜎

𝜎 𝜎𝑏
2



Step 1-2: fit a linear mixed-effects model

lmm_fit1 <- lme(

fixed=carry_mass_day~1+weight,

random=~1+weight|range,

data=dragon_dat,

method = “ML”,

weights=varIdent(form=~1|range)

)
𝜀𝑖𝑗~𝑁 0, 𝜎𝑒𝑗

2  and 𝜎𝑒𝑗
2 ≠ 𝜎𝑒𝑖

2  when 𝑗 ≠ 𝑖.

To allow different residual variances 
across mountain ranges



Step 1-3: fit a linear mixed-effects model

lmm_fit1 <- lme(

   ...,

   control = lmeControl(

 maxIter = 50,

 msMaxIter = 50,

 msMaxEval = 200,

 tolerance = 1e-6,

 msTol = 1e-7,

 opt = “optim"

   )

)

These settings improve 
convergence stability but do not 
change the statistical model.



Step 2-1: extract coefficients and variances

summary(lmm_fit1)

# to extract fixed effects

fixef(lmm_fit1)

# to extract random effects

ranef(lmm_fit1)

# to extract fixed effects + random effects

coef(lmm_fit1)

𝛽0, 𝛽1

𝑏0𝑗 , 𝑏1𝑗

𝛽0 + 𝑏0𝑗 , 

𝛽1 + 𝑏1𝑗



Step 2-2: extract variances

# to extract random effects variance-covariance matrix 

VarCorr(lmm_fit1)

# or you can use the code to generate the matrix G

restruct <- lmm_fit1$modelStruct$reStruct

matrix_data<-as.matrix(restruct$range)*lmm_fit1$sigma^2



Step 3: compare models
lmm_fit2 <- lme(

fixed=carry_mass_day~1+weight,

random=~1|range,

...

)

lmm_fit1<-lme(

fixed=carry_mass_day~1+weight,

random=~1+weight|range,

...

)

fit 1 vs fit 2 fit 2 vs fit 3 fit 1 vs fit 3

Fixed-effects structure same different different

Random-effects structure different same different

REML or ML REML ML ×

MuMIn::AICc(lmm_fit1, lmm_fit2) 

# lower AICc indicates a better model fit
anova(lmm_fit2, lmm_fit3) 

# fitted with ML when comparing fixed effects

lmm_fit3 <- lme(

fixed=carry_mass_day~1,

random=~1|range,

...

)



Step 4: refit final model using REML and get predictions

Only use estimates of 
fixed effects

Use both estimates of 
fixed effects and 
random effects

lmm_final<-

update(lmm_fit1,method=“REML”)

# population-level predictions
predict(lmm_final,newdata=dragon_dat,

level=0)

# group-specific predictions
predict(lmm_final,newdata=dragon_dat,

level=1)



Step 4: refit final model using REML and get predictions



Lab 1.2 – Analysing the dragon data
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